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We propose and test a family of methods to calculate the free energy along a generalized co-
ordinate, &, based on computing the force acting on this coordinate. First, we derive a formula
that connects the free energy in unconstrained simulations with the force of constraint that can
be readily calculated numerically. Then, we consider two methods, which improve the efficiency
of the free energy calculation by yielding uniform or nearly uniform sampling of £&. Both rely on
modifying the force acting on £. In one method, this force is replaced by a force with zero mean
and ¢ is advanced quasistatically. In the second method, the force is augmented adaptively by a
biasing force. We provide formulas for calculating the free energy of the unmodified system from
the forces acting in these modified, non-Hamiltonian systems. Using conformational transitions
in 1,2-dichloroethane as a test case, we show that both methods perform very well.

Keywords: Free energy; Molecular dynamics; Force of constraint; Adaptive force; Quasi-static
approximation

1. INTRODUCTION

One common objective of molecular simulations in chemistry and biology is
to calculate the free energy difference between different states of a system of
interest. Examples of problems that have such an objective are calculations
of receptor-ligand or protein-drug interactions, conformational preferences
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of flexible molecules, associations of molecules in response to hydrophobic
and electrostatic interactions or partition of molecules between immiscible
liquids. Another common objective is to describe the evolution of a system
towards a low energy (possibly the global minimum energy), “native’ state.
Perhaps the best example of such a problem is the folding of proteins or
short RNA molecules.

Both types of problems share the same difficulty. Often, different states of
the system are separated by high energy barriers, which implies that transi-
tions between these states are rare events. This, in turn, can greatly impede
exploration of phase space. In some instances this can lead to ‘“quasi non-
ergodicity”’, whereby a part of phase space is inaccessible on timescales of
the simulation.

A host of strategies have been developed to improve the efficiency of
sampling phase space [1-4]. For example, some Monte Carlo techniques
involve large steps, which move the system between low-energy regions in
phase space without the need for sampling configurations corresponding to
energy barriers [5,6]. Most strategies, however, rely on modifying the
probabilities of sampling low and high-energy regions, such that transitions
between states of interest are encouraged. Perhaps the simplest implementa-
tion of this strategy is to increase the temperature of the system. This
approach was successfully used to identify denaturation pathways in several
proteins [7—-9], but it is clearly not applicable to protein folding. It is also
not a successful method for determining free energy differences. Finally, the
approach is likely to fail for systems with co-existing phases, such as water-
membrane systems, because it may lead to spontaneous mixing. A similar
difficulty may be encountered in any method relying on global modifications
of phase space.

A promising, new technique is the multicanonical Monte Carlo method
[10,11]. In this algorithm, Boltzmann weighted sampling is substituted by
sampling from a uniform energy probability distribution. This means that a
multicanonical simulation corresponds to a random walk in one-dimen-
sional energy space and, therefore, the system does not experience energy
barriers. Since multicanonical weights are not known initially, they have to
be estimated in the first step of the simulations. The multicanonical Monte
Carlo method appears to be particularly suitable to study helix-coil transi-
tion in proteins, because a single simulation can provide information about
both the low-temperature, helical state and the high-temperature, disordered
state.

Many problems of chemical or biological interest can be formulated in
terms of the evolution of a system along a small number of slow degrees of
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freedom in the potential of mean force exerted by the remaining co-
ordinates. An effective strategy in this case is to add a biasing potential to
the Hamiltonian which lowers the free energy barriers in this reduced
representation [12, 13]. Identifying the slow degrees of freedom is not always
easy, especially if a formally defined reaction coordinate is sought. In many
instances, however, our intuitive understanding of the problem can success-
fully guide us in this process. For example, the transport of ions and small
molecules across membranes can be well described by calculating the poten-
tial of mean force associated with moving the center of mass of the solute in
the direction perpendicular to the membrane [14—16]. In another example,
the folding of peptides or small, single-domain proteins can be studied by
selecting ¢, 1 and, possibly, some x angles as slow degrees of freedom [17].

The method of biasing potentials has several important advantages. First,
using a reduced representation is very helpful in planning the simulations
and analyzing their results. In fact, it can be argued that, precisely for this
reason, it is extremely useful to identify the slow degrees of freedom from
the very beginning. Second, if the motion along only a few such degrees of
freedom is modified, the chances for correctly identifying the pathways
along which the system evolves improve markedly. The approach also has a
serious disadvantage. To design a useful biasing potential, a good, initial
guess about the shape of the potential of mean force is required. If no such
guess is available, the approach may turn into a frustrating experience.
Unfortunately, correctly estimating the potential of mean force is often
quite difficult because it depends on several contributions of different ori-
gins, such as solute—solvent interactions, solvent reorganization and inter-
actions between solute atoms separated by many bonds, but close in space.

In this paper, we present a new approach to the problem of efficient
sampling of phase space, based on the molecular dynamics (MD) algorithm
in the canonical ensemble. As in the methods of biasing potential, it requires
the initial identification of slow degrees of freedom. It does not, however,
suffer from the main disadvantage of these methods: no prior assumptions
about the shape of the potential of mean force are needed. Even without
these assumptions, the free energy differences between states in the reduced
phase space can be calculated very efficiently.

We prove that the derivative of the free energy along a selected general-
ized degree of freedom can be expressed by an average force, which is a
function of this coordinate, and its derivatives with respect to time and
positions of the particles. Thus, it can be easily calculated numerically. If
this force is scaled by 0 < o < 1 or completely eliminated and substituted by
another, suitably chosen force sampling of the generalized coordinate
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improves markedly. To underscore this feature we call our approach the
Scaled Force Method (SFM). Even though the new force acting on the
selected coordinate is not, in general, derived from a Hamiltonian, it is still
possible, under appropriate conditions, to calculate the potential of mean
force along the selected coordinate in the unmodified system.

In the next section, we present the main idea and the implementation of
the method. This is followed by an example of how the method works. As
the test case, we selected conformational transition of 1,2-dichloroethane in
water, which has been studied extensively in various environments [18—25].
The main body of the paper closes with the discussion of the method in the
context of other approaches, its application to studies of dynamical pro-
cesses and the outline of future work. The details of the required modifi-
cation to the standard MD algorithm are given in the appendix.

2. THEORY

2.1. Basic Ideas

Consider a system of N particles characterized by their positions, xy, ..., Xy,
and momenta p, ,...,p,, . Motion of the system is described by the
Hamiltonian H:

2
H(x.p) =5 2 a( (1

where x, p, are vectors of the Cartesian coordinates and momenta,
respectively.

We assume that we are interested in the free energy changes along a slow
degree of freedom, £. The extension to a larger number of slow, generalized
coordinates will not be described in this paper. A conventional method of
calculating the free energy A(£) as a function of £ (the potential of mean
force along &) is to obtain the probability density, P(£), of finding the system
in the states corresponding to different values of £, and to exploit the
relation:

A(§) = —kT In P(£) + Ay (2)

where k is the Boltzmann constant, 7 is the temperature and A, is an
arbitrary constant.
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As has already been mentioned in the previous section, this approach may
be inefficient if there are considerable free energy barriers along &. Then, the
regions in phase space near the barriers will be visited only infrequently and
the statistical precision of calculating P(£) in these regions will suffer.
However, the efficiency of sampling P(§) may be greatly improved by
modifying the Hamiltonian of the system by a biasing potential, U,(¢),
chosen such that sampling of £ becomes more uniform. For the modified
Hamiltonian

H'(x,p,) = H(x,p,) — Up(&) (3)

the potential of mean force is given by:

A(§) = —KT In P(&§) + Up(£) + Ao (4)

The optimal choice of U,(&), which yields the uniform distribution of P(£),
would be:

Us(&) = A(¢) (5)

Of course in practice, this choice is not possible because it implies that the
free energy is known before the simulation begins.

Alternatively, the free energy can be obtained from the same, uncon-
strained simulation by evaluating (0A/9€) in the full range of £. Recall that
the probability density P(£) can be defined in terms of an integral involving
the Hamiltonian H and the delta function:

_ Joev exp(H/KT)5(§ — §(x)) dxdp,
P(§) == Jgov exp(—H /kT) dx dp, ©

The delta function in the integral means that we integrate over all possible
values of x and p, with the constraint £(x)=¢. This set is a hypersurface,
which we further denote S¢. There are 6N —1 degrees of freedom on S¢. By
using an appropriate change of variables involving generalized coordinates
it is possible to define an infinitesimal element on the surface S, which we
denote ds. Note that the Jacobian of the transformation from Cartesian to
generalized degrees of freedom (coordinates+momenta) is 1. See the
appendix for a concise justification (Section A.l and Eq. (34)). We may
write:

sz exp(—H/kT) ds
- Jgov exp(—H /kT) dx dp,

P(¢)
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Differentiating Eq. (2) with respect to £ we obtain

oA Js (OH/d)exp(=BH)ds  /om\
9 [ exp(—H) ds <a_5>s Fos.

where 8= 1/kT and () s, denotes the statistical average. As we will further
show, the force acting on , Fg, can be calculated in each step of the
simulation, for example from the force of constraint using SHAKE or
RATTLE algorithm [26, 27]. Once the average values of the force for the full
range of £ are calculated with sufficient statistical precision, 4(£) is obtained
by integrating (Fg) 5. over &

In general, the method based on calculating the force along £ in un-
constrained simulations (which is distinct from calculating the force in
constrained simulations [28]), defined by Eq. (7), has no obvious advantages
over the method based on calculating the probability distribution (Eq. (2)).
Its utility is that it provides a framework to consider new methods for
calculating the free energy. The goal of these methods is to achieve uniform
or nearly uniform sampling of £ without prior knowledge of the biasing
potential. In SFM, uniform sampling is obtained by decoupling & from the
other degrees of freedom and advancing it using a force that yields a
uniform probability density. One choice for advancing £ in this manner is
provided by the Langevin equation. We will prove that if the motion of £ is
quasistatic, then the average of — F, converges to (04/0¢). The advantage of
using the Langevin equation is that the range of applicability of quasistatic
approximation can be systematically studied simply by changing the dif-
fusion coefficient. Other stochastic or deterministic algorithms are possible
without introducing any complications to the general theory.

In the particular case when the additional (i.e., Langevin) force is set to
zero and the initial velocity of £ is zero, ¢ is constrained at its initial value.
We then recover a result of den Otter and Briels [28].

We note that, in the canonical ensemble, H describes both the system of
interest and the thermostat. In molecular dynamics simulations the thermo-
stat is substituted by a small number of additional degrees of freedom and
the Hamiltonian is replaced by a pseudo-Hamiltonian [29—-31]. This, how-
ever, does not cause any additional complications in this case.

Nearly uniform sampling along £ can be also accomplished without ap-
pealing to the quasistatic approximation. When a biasing potential is used,
energy barriers can be reduced by adding a biasing force equal to (QU,/0E).
If the optimal biasing potential were used (see Eq. (5)) the biasing force
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would be equal to

ou, _ 0A _
85 - a_g - <Ff>55

Instead of using —(F);,, which is not known, we employ its current estimate
as the biasing force. We call this method the Adaptive Biasing Force meth-

od. In this method, the biasing force at location & is equal to —(F5>(S':) where

W IS L
(Fe)§) = ;ZQ (8)

and n is the number of samples in the bin around &,. At the beginning of the
computation when the number of samples is very small, <F§>(SZ> vary
considerably. However, it converges fairly quickly to its limit. Then, the
system can be considered as described by the Hamiltonian H augmented by
a small, time-dependent, slowly changing term, which converges to zero as
time goes to infinity. In these circumstances, configurations of the system are
also, to a good approximation, generated from the appropriate thermo-
dynamic ensemble. If this is the case, then <F5>§';) converges to — (9A4/9€)(&).
Note that in this approach P(§) will not be exactly constant. However,
numerically observed deviations from uniformity are quite small.

The considerations presented above define the theoretical steps that still
need to be done. First, we will derive the formula for (F¢) 5. in a Hamiltonian
system. Next, we will discuss the modifications to this formula that need to
be made in the quasistatic approximation and define the equations of
motion along £ used in this work. Details of the algorithm are given in the
appendix.

2.2. Thermodynamics Force

To properly define the partial derivative of A4 with respect to £ it is necessary
to introduce generalized coordinates ¢y, ..., g3y _1:

g1 = q1(x1,...,X3)
qin—-1 = 6]3N71(X1,---,X3N)

such that for each set of values (x1, ..., x3y) there is a unique set of values
&, q15--->q3n—1)- This means that:

X1 le(faCIhu-,%N—l)
xsy =x3n(&, 915 q3n-1)
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The derivative with respect to & can now be defined as the derivative
computed with ¢, ..., g3y_1 constant:

.....

Finding a set of generalized coordinates is often difficult. Furthermore,
A(¢) is independent of the choice of a particular set of these coordinates.
This implies that the knowledge of generalized coordinates should not be
required to calculate the free energy or its derivative. Thus, the aim of the
following derivation is to transform the expression for the free energy such
that explicit reference to generalized coordinates other than £ is removed.

The Jacobian, J of the transformation from Cartesian to generalized
coordinates is defined as:

(0¢/0x1) (0¢/0x7) . (0¢/Oxy)
g def (0g1/90x1) (0q1/0x2) ... (0q1/0xn) )
(Ogan1/0%1)  (Ogw-1/0x2) .. (Ogsn_1/Oxsw)

and its inverse is denoted by J~'. We define the matrix Z as

AN Vel

where J' is the transpose of the matrix J and M is the mass matrix:

M= 0 mp ... 0
0 0 . May

The matrix Z can be written:
Z: 0
=5 2)
where

” N e\
22y () (10)

k=1

and Z,is a 3N—1 x 3N —1 matrix.
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In generalized coordinates the Hamiltonian of the system takes the
form:

1 1

and Eq. (7) becomes:

8A<1az5 ) 12)

ol _ 0z, . 9% q) >
o¢ s

1 t
2o 2P e Pt e

This formula is not very useful because it explicitly depends on ¢y, ...,
q3~ —1 and their conjugate momenta. In the next subsection this dependence
will be eliminated.

2.3. Unconstrained Simulation

We introduce the following notations:

Xy x; (13)
def i
= f,ﬁ (14)
2 2
(modified Hessian of &) H &f ad = : < (15)
Ox;0x; /i, 0x;0x;

The symbol - denotes a dot product or a matrix-vector product depending
on the context.

The momentum p, is defined as the derivative of the Lagrangian £ with
respect to £. As the Lagrangian £ is defined by

£ :%<dq§dt)l z (dqé/ldt> ~¥69)

the momentum p; is equal to

def OL
13

e

Il

Il

NI

—
-
(@)
2
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Moreover we know that:

OH __ dpe
o dt

By substituting Eq. (16) in Eq. (17) we obtain:

OH & ¢dz
174 Zg 22 dt

From the rules of derivation:

Z Z; Z,

_ o, di  ox Px

Then, using Egs. (18) and (19) and Definition (16), (0H/J¢) can be
expressed as:

OH daz,
f +P§ g

875 ZE Zg ox’' Py (20)

Recall that

Py —Jt<§j) (21)

Thus:

oz, oz,
/eXP( ﬁH>IZ7£a S dpq=/exp( ﬂH)Z; R (J’)’@f]) dp,

where 3= 1/kT. Since we integrate over p, the only non-zero contribution is:

0ze ploze o€
[ exots by (2 ) o, = [ exp-sm 55 75

using Definition (9) of J.
Finally using Definition (10) of Z, and Definition (15) of H:

0Z o )
/eXp( ﬁH)?a cp. dpq=2/exp( BH)?af H- a_f dp, (22



18: 49 14 January 2011

Downl oaded At:

SCALED-FORCE MD 123

Now, we can compute the integral over p¢, and obtain, (see Eq. (11)) for
the probability density of py:

1
/p? exp ( §25P2> dpe = ﬂ_Zg/eXp ( §Z£P§> dpe (23)

Gathering Egs. (20), (22) and (23), we have proven that

0A -1 2 0 193

oA _ [ Tli 295 4 95 24

0¢ <Z£§+BZ£26x’ H 8x’>q_pq,p5 (24
: od I , ,

where the indices () ¢p,.pe ICAN that we average over ¢, p, and p.. Eq. (24) is
very convenient numerically, because it involves only quantities that can
be readily computed: £ and the first and second derivatives of £ with respect
to x.

We can now define the thermodynamics force as (F;) where

Fdef1~~ 2 0, 0%

= . 26
T Z BZz Ox’ ox' (26)

2.4. Quasistatic Variations of &

In SFM the motion along £ is decoupled from the rest of the system. Then, &
is advanced in some manner that ensures uniform sampling of &, for example
by using the Langevin equation of motion. In this new system, the free
energy along ¢ is no longer properly defined and Eq. (24) no longer applies.
However, it is possible to compute the free energy of the original
(unmodified) system, provided that the motion of ¢ is quasistatic. This
requires transforming Eq. (24). Deriving the appropriate formula for
(0A4/0¢) is the objective of this section.

Suppose that we run a MD simulation at fixed { =¢&,. In the case of a
Hamiltonian system, the probability density for (g, p,, pe) at £ =& is equal to
exp(—pFHg,), where

1 |
He, (4, Pg Pe) = 5 2ePt + 5Py ZaPy + P, (4) (27)

However, when ¢ is decoupled from other degrees of freedom and ad-
vanced quasistatically using an independent equation, we sample with a
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probability equal to exp(—SHg, ), where

* X 1
He,(4:pg,pe) = K™ (Pe) + 574 Zapq + 5 (q) (28)
The function K' depends on the equation of motion for &. If this is a
diffusion (Langevin) equation

1T2

Kext(pf) 2 T

where T¢ is the temperature used in the Langevin equation (see the appen-
dix). Because we sample from a different probability distribution function it
is not possible to use Eq. (24) directly. This difficulty can be solved by
calculating analytically the integral over p, in Eq. (24). To do so we first
identify the terms which depend on p,: the acceleration ¢ and the probabil-
ity density. More specifically considering Eqs. (24) and (25), we need to
calculate:

/fsp; “H - Pl dpe

where fi = exp(—(5/2)Z¢p7).
Denoting f,, = exp((—3/2)pyZ,p,) we have:

/f}’zlpx H px dpl{ /ﬁ’z/<p£> JH( ) (ig)dpfj (29)

o o
gagl §‘/fpc/

4 [y I o, (30)

using Eqs. (17) and (18), and the fact that integration is performed over p,.
Next we consider the integral over p, and use Eq. (23):

8 6

Using this equation, we observe that the following transformation is
possible on statistical averages:

2
L &yo &
q:Pq:P¢
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Further, using Eqgs. (30) and (31)

:2
I &) % 23
o ()
< 52 Zz a ax q:Pq-D¢

<1agHag

BZ¢ Ox' ox T Pa TH(T)' -pq>

q:Pq:P¢

We have proven the following result:

/GXP(—ﬁH&))Fédqdpqdps = /eXP(—ﬁH&))Féz)dqdpqdpf

with
1oENtae e
(2) _ % 2.
Fe _Zgg (B ZE>Z2(')x’ e

(see Eq. (26) for the definition of F¢). Moreover [ jj,q dpq is independent
of pe. Thus, we have removed the dependence of the average force on p,.
This is a desirable result because the dependence on p, changes with
implementation of the quasistatic process. Thus we can conclude:

/dpgfg/dqupq /dpf]ﬁh/
X /dp5 exp <—§Z§p§>
1 @
— | d F
X \/ng‘/ qupq 3

We proved that when £ is decoupled and moves quasistatically, the fol-
lowing equation applies:

oA (NZIFD),,,
* (12,
(CVYZE+ (1/ZP)(18) + (€/2))(0€/0x') - 1 (9/0x)),
(1/\/Z))y,

(32)

where A is the free energy of the original system.
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2.5. Constrained Simulation

The case of the constrained simulation is a corollary of the previous result. It
is a particular case of a “quasistatic’” motion where the velocity of £ is zero.
In this case F' ED is simply equal to:

2 11 0 8{
E ﬁzzax’ T ox'

Thus the complete expression for (0A4/9€) is

oA _((=1/Z)E+ (1/)(1/2")(06/0x') - T (96/0x'),,
o (/)

This expression is identical to an expression derived by den Otter and
Briels [28].

(33)

2.6. Comparison Between Quasistatic and Adaptive
Biasing Force Approximations

Before closing this section we summarize the differences between SFM in the
quasistatic approximation and SFM with Adaptive Biasing Force.

For SFM in the quasistatic approximation, £ is decoupled from the other
degrees of freedom by adding a force opposite to the force acting along &.
Then an external force with zero mean is applied to £ such that the motion
of ¢ is quasistatic. If we denote — AV¢ the force acting along ¢ and F? the
force added to oppose it, we have (see Eq. (32))

= \VE

oA {(\+G*/\/Z))

& ((1/\/Z))

qs def 1 1 f 85 af
G (5+z aw an

In this case F?° does not derive from a potential and the system is not
Hamiltonian. This is why the quasistatic approximation is required.
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For SFM with the adaptive biasing force, the external force, F bl is added
to the system, and we have (see Egs. (8) and (26))

F = (A + 6" Ve

6§*<)‘+G )

gy der 12 96 0

zgﬁax" ox'

In this case F“ converges to VA4 and the system converges to a Hamiltonian
system.

3. APPLICATION - ISOMERIZATION
OF 1,2-DICHLORO-ETHANE IN WATER

To test the performance of the SFM, we studied the rotation around the
C—C bond in 1,2-dichloroethane (DCE) dissolved in water. Specifically,
we calculated the potential of mean force, A(£), as a function of the
Cl—C—C—Cl torsional angle £. The same quantity was previously calculat-
ed for DCE in several different environments, including the gas phase, bulk
water, bulk hexane and the water—hexane interface, using conventional
methods [23-25]. In all environments, 4(&) exhibits local minima corres-
ponding to the trans and gauche arrangements of the chlorine atoms. How-
ever, the relative stabilities of these two conformations and the free energy
barrier that separates them change with environment. The trans conforma-
tion was found to be favored by 1.1 kcal/mol in the gas phase, whereas the
gauche conformations were slightly favored in water (by 0.3 kcal/mol)
[23,24]. The shift of 1.4kcal/mol stabilizing the gauche conformations in
aqueous solutions can be attributed to strong, favorable interactions be-
tween these polar conformations and water. Note that the symmetrical,
trans conformation has no permanent dipole moment. Also, the free energy
barrier between the gauche and trans states increased from 3.5 kcal/mol in
the gas phase to 4.4 kcal/mol in aqueous solution. This indicates that the
solvent provides a considerable contribution to the potential of mean force
around ¢&.

The system studied consisted of one DCE molecule and 343 water
molecules placed in a cubic box whose edge length was 21.73A. This
corresponds to a water density of approximately 1 g/cm®. Periodic boundary
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conditions were applied in the three spatial directions. The water —water
interactions were described by the TIP4P potential model [32]. For DCE, an
all-atom, fully flexible model was used. This model was described in detail
previously [23]. All intermolecular interactions were truncated smoothly
with a cubic spline function between 8.0 and 8.5A. The cutoff for atoms of
DCE was based on small, neutral groups.

The MD equations of motion were integrated using the velocity
Verlet algorithm with a time step of 1fs. The temperature of the system was
300 K. The bond and angular constraints were resolved using RATTLE [26].
The same algorithm was also used to calculate the force of constraint acting
on &, whenever necessary. To generate configurations from the canonical
ensemble the Martyna et al., implementation [31] of the Nosé-Hoover
algorithm was used.

Initially, we performed simulations of the system without any modifica-
tions in both microcanonical and canonical ensembles. A(£) was obtained
from a series of calculations, in which £ was constrained by a harmonic
potential in 2 overlapping windows. The MD trajectory for each window
was 1.0ns long. From this trajectory the probability distribution, P(£), of
finding DCE in a conformation defined by £ was obtained and used to
calculate 4(€) from Eq. (2).

The potential of mean force in the full range of £ was generated by
matching 4(€) in the overlapping regions of consecutive windows. This was
required to ensure that A(£) was a continuous function of £&. Matching was
done using the Weighted Histograms Method (WHAM) [33].

The potentials of mean force in the microcanonical and canonical
ensembles were nearly identical, and were quite similar to those calculated
previously using the same potential functions [23,24]. Gauche and trans
conformations were found to have nearly the same free energy, and were
separated by a barrier 4.2kcal/mol high. The profile in the canonical
ensemble, shown in Figure 1, served as the reference to determine accuracy
of the SFM. The statistical precision of these profiles was further confirmed
by fitting a Fourier series to 4(£) and repeating the calculations using the
series as the biasing potential. As expected, the potential of mean force
so generated was flat. The same calculations were also used to estimate
the rotational diffusion constant, D, needed for the Langevin term in the
quasistatic implementation of SFM. This was done by calculating the
velocity autocorrelation function and employing the formula:
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FIGURE 1 Free energy profile of the torsional angle, £, of DCE in bulk water calculated
using the traditional window method and using the force acting on ¢ in unconstrained
simulation.

where v(7) is the velocity of the torsional angle at time # and (...) denotes a
statistical average.

In the next step, we computed the potential of mean force using the force
(Eq. (24)) rather than the probability density (Eq. (2)).

This simulation was carried out with the same biasing potential as in the
previous case. At every MD step, the value of the constrained force,
obtained using RATTLE, was binned in small intervals of £ and, at the end
of the simulation, the average value of the force of constraint in each bin
was calculated. Next, these values were corrected for the geometrical factor
according to Eq. (24), yielding the thermodynamic force as a function of &.
This force was then integrated numerically to provide A(£). The simulation
was run for 1ns and the resulting potential of mean force is shown in
Figure 1. As can be seen, the agreement with the previously calculated
profiles is excellent, confirming the correctness of Eq. (24).

3.1. Calculation of the Potential of Mean Force
in the Quasistatic Approximation

In the next series of simulations the angle £ was fully decoupled from the rest
of the system. To advance this angle the Langevin equation of motion was
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integrated. As shown in Section 2.4, the free energy of such a system should
be calculated using Eq. (32).

It is expected that the potential of mean force along £ converges to the
exact solution only when £ moves sufficiently slowly to obey the quasistatic
approximation. Otherwise, the rest of the system cannot relax in response to
motion along &, and the system is in a non-equilibrium state. Then the
calculated free energy will be incorrect. To test the range of applicability of
quasistatic approximation we performed simulations at four different values
of diffusion coefficient in the Langevin equation. These values were
0.53rad?/ps, 0.053rad?/ps, 0.0053rad’/ps and 0.0013rad?/ps. The first
value is equal to the diffusion constant calculated for the Hamiltonian
system with the biasing potential given by Eq. (5).

As can be seen in Figure 2, the free energy converges to the exact solution
as D decreases. The accuracy of A(¢) for D =0.53 rad?/ps is unsatisfactory.
The agreement with the exact solution improves markedly when D is
lowered to 0.053 rad?/ps, but the differences are not negligible. The error in
calculating the free energy difference between gauche and trans states is
0.3—0.4 kcal/mol, which is approximately equal to the thermal energy of kT
2. When the diffusion coefficient is further decreased, the calculated A(&)
becomes quite accurate (this would not be the case if Eq. (24) were used).

5 T T T T
Reference
0.583 ---------
4 0.053 -
3
5 2
£
©
g1
0
b =y 7
-2 | 1 L 1 L
80 100 120 140 160 180
€ (deg)

FIGURE 2 Free energy profile of the torsional angle of DCE in bulk water obtained from
SFM in quasistatic approximation using Langevin force with diffusion coefficient, D =0.53,
0.53 x 1071, 0.53 x 102 and 0.13 x 10~ >rad?/ps. The reference curve is shown with the thick
line. Only the range [60— 180] degrees was computed. Note that since the free energy is defined
to within a constant the curves were aligned at £ =120 deg.
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There is, however, a price to pay. As D decreases, the simulation time
increases and more windows are needed [13]. For D =0.53rad*/ps and
0.053 rad?/ps, a 1 ns MD trajectory in a single window was sufficient whereas
for D=0.0053rad?/ps and 0.0013rad?/ps, two and three windows were
needed, respectively. In addition, the lengths of the MD trajectories were
increased to 2ns in the last case. It appears that, for the system consider-
ed here, D =0.053rad?/ps offers the best balance between efficiency and
accuracy.

3.2. SFM with Adaptive Biasing Force

MD simulation of DCE in bulk water using SFM with an adaptive biasing
force was carried out in a single window of ¢ extending from —20deg to
200deg. The length of the MD trajectory was 2ns. Force statistics were
collected in bins Sdeg wide. The number of sample points per bin was
approximately 45,000, ranging from 40,022 samples to 50,149 samples.

In Figure 3 we compare A(£) computed with the adaptive biasing force
and using the traditional window method, as described above. The dif-
ference between the two profiles is within the statistical error bounds. P(£) in
the Adaptive Biasing Force simulation was found to be quite uniform, with
oscillations not exceeding 12% around the mean. Thus, deviations from
uniformity of P(£) have only minor effect on the efficiency of sampling &.

6 T T T

Acliaptive IBiasing Force
trad. window method

kcal mol ™!

0 I I NN 1 1 1 ! I
0 20 40 60 80 100 120 140 160 180

€ (deg)

FIGURE 3 Free energy profile of the torsional angle of DCE in bulk water calculated using
the traditional window method and the Adaptive Biasing Force method.
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FIGURE 4 Calculated average force as a function of the number of samples in the interval of
& between 35deg and 40 deg.
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FIGURE 5 Probability distribution function of F¢ for £ in the interval between 35deg and
40 deg, and a Gaussian fit to this probability distribution function.

In Figure 4 we show the convergence of <F5>(SZ> as a function of n (see Eq.

(8)). These results are for the interval in £ between 35 deg and 40 deg. As can
be seen, convergence is quite rapid, which accounts for the very good
performance of the method. This rapid convergence can be attributed to a
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very simple structure of the probability distribution of the force F¢ at a given
location £. As shown in Figure 5, this distribution is nearly Gaussian.

4. DISCUSSION

In this paper, we develop a family of methods for calculating the free energy
along a selected generalized coordinate, £, which rely on calculating the
force acting on this coordinate. In the simplest of these methods, the system
remains within the Hamiltonian framework. At each timestep, the instan-
taneous force acting on £ is computed and is used to calculate the thermo-
dynamic force. We provided details on how to implement this method by
calculating the instantaneous force from, for example, the RATTLE
algorithm. Note that this formula is different from the formula derived
previously for constrained simulations [28]. Compared to the conventional
method, which relies on calculating the probability distribution along &, the
present approach is theoretically somewhat more involved. On the other
hand, it has a useful advantage. When several windows are used, the con-
ventional method requires matching the curves using, for example, WHAM
(see Section 3). In our method no matching is required. Since the thermo-
dynamic force is equal to the statistical average (Fe), the sampled values of
F; obtained from runs using different windows can simply be added to
compute the final (F).

Both methods, mentioned above, suffer from the same disadvantage. To
perform efficiently they require a good guess of the biasing potential. To
avoid this difficulty and sample ¢ efficiently (i.e., uniformly or nearly uni-
formly) it is necessary to leave the Hamiltonian framework of the problem
by subtracting (or, possibly, scaling) the force acting on £ and substituting it
by another force. We call this approach the Scaled Force Method. We
explore two variants of this method, which asymptotically yield the exact
free energy. In one approach the force along ¢ is substituted by a force
whose ensemble average is zero for all values of £ If motion along & is
sufficiently slow that the quasistatic approximation applies, the thermo-
dynamic force calculated along this coordinate yields a good estimate of the
derivative of the free energy of the unmodified system. We provide the
formula for making this estimate, which is not the same as the formula
derived for the Hamiltonian system. In the specific implementation, adopted
here, we use the Langevin equation of motion to advance £ and examine
when quasistatic approximation applies by changing diffusion coefficient.
When D is set to the value calculated with the optimal biasing potential
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(i.e., a flat energy profile), we find that the quasistatic approximation is not
accurate. When D is reduced by an order of magnitude, the error decreases
to become approximately equal to the thermal energy. Further reductions of
D reduce the error even more but, in the process, efficiency of the calcu-
lations suffers.

Alternatively, the instantaneous force acting on & can be modified using
the current estimate of the average force at this value of £. This new force,
calculated adaptively, converges to the correct average force as time goes to
infinity and yields nearly uniform sampling of & The method performs
remarkably well yielding accurate estimates of the free energy. The success
of this method appears to be related to the simple shape of the probability
distribution of the forces acting on £ which, in turn, allows the average force
to be very quickly determined to good accuracy.

The Scaled Force Method is related to several other approaches to cal-
culating the free energy. As has been already pointed out in the theory
section, if we decouple £ from the other degrees of freedom and the initial
velocity along & is set to zero, the system will remain constrained to the
initial value of ¢ during the course of the simulation. If a series of simu-
lations at different values of £ were performed this would correspond
exactly to the constrained force method [28]. Compared to methods based
on unconstrained simulations, this approach has a well recognized defi-
ciency that keeping some degrees of freedom fixed may impede sampling
along other degrees of freedom. On the other hand, the constrained force
method and SFM share the same advantage that they do not require prior
knowledge of a biasing potential.

If there is a small, initial velocity along &, such that the quasistatic
approximation is justified, then the approach can be considered to be a
variant of the “‘slow growth” method [34, 35]. This method, however, is not
expected to be accurate because it does not adequately sample the phase
space. If a series of trajectories were to be obtained starting from a set of
thermally representative configurations at some initial value of &, &, the
formalism developed by Jarzynski would apply and the free energy could be,
at least in principle, obtained accurately even without the requirement that
quasistatic approximation applies [36, 37].

The Adaptive Biasing Force method is clearly related to the adaptive
umbrella sampling algorithm [38,39]. In this algorithm, the estimate of
U,(€) is occasionally updated on the basis of P(§) calculated from the most
recent fragment of the trajectory. Eventually, U,(£) becomes sufficiently
close to A(§) that P(€) is nearly constant. Compared to the Adaptive Biasing
Force method, this approach has some disadvantages. First, a good initial
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guess for U,(€) is still needed. Otherwise, some regions of £ will be sampled
poorly or not at all. Second, U,(£) can be updated only if sufficient statistics
is accumulated in the full range of £ or, at least, within one window. In
contrast, the Adaptive Biasing Force method ensures that all regions of £ are
sampled, and the estimate of the biasing force in each bin of ¢ is updated
“on the fly”, irrespective of the accuracy of estimates in other bins. One
deficiency of the Adaptive Biasing Force method is that the system does not
correspond precisely to a Hamiltonian system. In practice, this does not
appear to be a problem. Moreover, updating the biasing force can be
terminated at any time, if desired, and the most recent estimates of this force
can be used for the rest of the simulation. This restores the Hamiltonian
structure of the system.

The proposed methods are also conceptually related to multicanonical
Monte Carlo method in the sense that both approaches are aimed at re-
moving energy barriers in phase space. In the most common implementation
of multicanonical Monte Carlo, phase space becomes flat, which is usually
undesirable for systems containing many fast degrees of freedom, especially
those associated with the solvent. Implementations, in which probability
distribution is uniform only along selected degrees of freedom are possible,
but may not be easy [10, 40].

Uniform sampling of slow degrees of freedom, which is desirable in free
energy calculations, is usually not beneficial if the goal is to identify
conformations of flexible molecules corresponding to local or global energy
minima. Efficient methods to accomplish this goal usually rely on reducing
free energy barriers rather than removing them completely. This require-
ment can be readily incorporated into the proposed method. Instead of
completely removing the force acting on £ we can scale it by a factor
0 < a < 1. Note that the system is unmodified when =1, and £ is com-
pletely decoupled from the rest of the system when a =0. In all intermediate
cases, the free energy is approximately scaled by «. This corresponds to
scaling the whole reduced phase space by « which, as required, leaves the
positions of free energy minima in the same place as in the unmodified
system. If needed, scaling can be generalized by making « a function of £ or
defining it in an adaptive fashion.

Much work still needs to be done to determine the full potential of SFM.
First, the range of applicability and efficiency of the quasistatic approxima-
tion and the Adaptive Biasing Force method needs to be determined for a
variety of systems. This includes examining different equations of motion
for the slow coordinate in quasistatic approximation and different protocols
for the Adaptive Biasing Force method. Perhaps more importantly, SFM
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needs to be extended to a larger number of slow degrees of freedom, and
tested in free energy calculations and in the search for minimum energy
structures of flexible molecules.

A. APPENDIX - IMPLEMENTATION OF SCALED
FORCE METHOD

A.1. Change of Variables in Multidimensional Integrals

We denote x, p, the Cartesian coordinates and momenta. The set of

generalized coordinates is denoted by &, qi,...,¢3v—1 and the momenta
D&rDqis- -+ Pasy. - Recall that matrix J is defined as
(0¢/0x:) (0¢/0xy) ... (0&/Ox3y)
_]déf (3q1/8x1) (8q1/8x2) cee (6q1/8x3N)
(Oqsn-1/0x1)  (Oqsn-1/0x2) ... (Oqsn-1/0x3n)

See Eq. (9). Thus the Jacobian T of the transformation from Cartesian to
generalized degrees of freedom (coordinates+momenta) is equal to:

J 0
=2 o)
The determinant of T is thus equal to:
7= ) =1
In particular we have:
[ exol-n/nioe — ¢(v) dxdp,

= /exp(—H/kT) dqi ...dgsn_1dpedpg, ... dpg,, (34)

A.2. External Force with Zero Mean

We chose to advance £ using the Langevin equation of motion. This is a very
simple choice and the implementation is quite straightforward. We define
w(t) with:

u(t) = =€+ R(1)
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and
(R(OR(7)) = 2¢kTe5(1 — 1)

where ( is friction coefficient, R(¢) is normally distributed random force,
whose ensemble average is zero, and T is the temperature. Note that ( is
related to the diffusion constant, D, by the Einstein relation:

D =kT/¢

The total external force applied to the system is equal to the RATTLE
force plus the Langevin force:

AORYES
A +—=—= )=
( ( ) + Z£ ) ox
Then & = u(f). Numerical algorithm for advancing the Langevin equation of
motion was described by Brooks et al. [41].

A.3. Calculation of Lagrange Multipliers Using RATTLE

At each timestep we need to calculate the force along &, which is of the form
A(1)(0¢/0x). This is the centerpiece of SFM. The force must be such that:

ZeA(1) —%~%+1)& H-p,=0
To compute the value of A(f) we use a modified version of RATTLE, for
which the “constraints” are updated at each timestep.

Consider the traditional RATTLE algorithm and suppose that we have a
constraint o(x) =0, which has to be satisfied at each timestep. The
algorithm consists of two steps. After advancing the position from time ¢ to
t+dt, RATTLE is used to compute the force p'Vo, such that
o(x(t+dt)) = 0g. After advancing the velocity from time t+dt/2 to t+dt,
RATTLE is used to compute the force p"Vo, such that v-Vo=0.

In contrast, in SFM we need to add a force which exactly compensates the
acceleration of £ due to the interatomic forces. Since the constraint has to be
changed at each timestep the algorithm is slightly different. After advancing
the position from time ¢ to t+dt, RATTLE is used to compute the force
N'VE, such that £(¢ + df) = (1) + dt £(1), where £(¢) is the velocity before
the forces are applied at time ¢. After advancing the velocity from time
t+dt/2 to t+dt, RATTLE is used to compute the force A"V&, such
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that v- VE(r + df) = £(t + dr) = &(1), where (1) is the velocity before the
forces are applied at time ¢.

To complete the description of the modified RATTLE algorithm we
derive the equations for A" and A", the position and velocity Lagrange
multipliers in RATTLE. The derivation is done assuming that no external
force is applied to &, but the results hold for any external force applied.

Let us consider the position RATTLE. The position is advanced using:

r(t+dt) =r(t) + v(t +dt/2)dt (35)
while the velocity is advanced using:

Wt + dt)2) = v(t) + %% (36)

in “condensed” notations.
After position RATTLE is applied, we want ¢ to be equal to:

(1 + dr) = &(1) + dié(1) (37)
We expand &%(r+dr) using the Taylor series and use Eqgs. (35) and (36),
with Definitions (10) of Z,, and (15) of H. This yields:

&8 (1 + dr) §<r(t+dt) + dt ng>

2
—s(rt0 4 + G v e

d*F ()

5 vgm:zxd v(1) - H - v(D)

= &(1) +di £(1) +

Using Eq. (37) we obtain the equation for \":

)\’(t)—zgjll) <%’)vg+v(z)-ﬂ-v(1)> ‘;Z §£> (38)

Thus N'(¢) can be used to evaluate numerically £(7).
For velocity RATTLE we have a similar equation. For the velocity:

@@Jr N VE(r) n drF(t + dt)

v(t+dt):v(t)+2 p p >

(39)

VE(t + dt)
m

W(t+dt) = v(t +dt) + N (40)
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The constraint on vX(¢+dr) is
VE(t +dt) - VR (t +dt) = VE(r) - v(2) (41)

since we assume that no additional (e.g., Langevin) force is applied.
Using Egs. (39), (40) and (41):
dtF (1) +/\,.V§(t) +altF(erdt) +/\VV§(t+dt))

=0
2 m m 2 m m

dtv(t)-H-v(t)+VE(t+dt) (

Thus:

) —dt <F(t) v£+%/\,.vg(t) -Vf(t+dt)+F(th;dt)

A T 2Z(t+di)\ m m

V§+2v-H-v>
m

Using Eq. (38) we obtain the first order approximation:

von  —dt F(1) 2Z(t) ., F(t+dr)
A(Z)—W(WWJF N+ V§+2V~H-v>

o —dt F(t+dt)
- 2Z(1+dr) (

\Y t)-H-v(t

LD Te40)- 1000 )

while A" and \” are equal up to second order in dr*, X" includes higher order
terms obtained through an iterative procedure. Numerical tests suggest that
using 2)\" rather than X"+ A" or 2)\” yields a more accurate result for the
average force and free energy.

A.4. Implementation of Velocity Verlet Algorithm
with Nose-Hoover Thermostat

Notations

Position before RATTLE

Position after RATTLE

Velocity at time ¢

Velocity after thermostat

Velocity after Langevin force

Velocity after inter-atomic forces

Velocity after Position RATTLE

Velocity after second application of inter-atomic forces
Velocity after Velocity RATTLE

=

<<<<~q<<N<‘:‘:
> L s

X
<
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v Projection of v on V¢

£ Velocity of ¢ after Langevin force

£ Velocity of £ after inter-atomic forces
£ Velocity of ¢ after Position RATTLE
£ Velocity of ¢ after second application of inter-atomic forces
£ Velocity of ¢ after Velocity RATTLE
F inter-atomic forces

F™  Langevin force

G”  Position RATTLE force

G"  Velocity RATTLE force

n thermostat

We describe the complete, step-by-step algorithm. The reader should not
be confused by the nine steps of the method. These steps correspond to a
conventional implementation of this algorithm in MD. The only difference
is that RATTLE is implemented in SFM using varying ‘‘constraints”,
updated at each time-step (steps 2 and 9).

In this presentation we chose the Langevin force to advance £. Other
choices may be made. Also, the full scaling of the thermodynamics force is
applied. The scheme with intermediate scaling (0 < a < 1) can be easily
derived.

(1) Add contributions from interatomic forces:

V2 (t —dt)2) = VR (t — dt)2) + ;l—’;F(t)

P2 (t —dt)2) = v (1 — dt/)2) - VER (1)

(2) Apply the velocity part of RATTLE. The target value for the reaction
coordinate, & is:

RV

Ve —dr)2) = £t — di)2)
New velocity:

VRV([_d[/z) = sz(t—dl‘/z) +%GV(Z)

(3) Advance £ using the external force.

vt = vV (1 — dt)2) +2d—r;FL“(t)
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(4) Apply thermostat to the system. No thermostat is applied to &.

4-a. Advance thermostat from ¢—dt/2 to ¢ using low order approxima-

tion:
1) = (e d/2) + 3 (6 (0) = 4 (0)° = (N = DT
V(1) = (1) — S () — £ ()

where

RYAN:;
_Zg m,ﬁx,-

4-b. Iterate thermostat and velocity using high-order approximation:

n=mn(t—dt/2) + ;—é [m(v — \15)2 — (N = 1)kT]

b= 1)~ Tl — )

(5) Advance velocity and thermostat at time ¢:

(6) Advance £ using the external force.

VRt 4 dt)2) = v (1) + Zd—;FL“(z)
E (1 +dt/2) = vi(1 + dt/2) - VER(1)

(7) Add contributions from interatomic forces:
V(e +di)2) = v (e + dt/2) + j—l;F(z)
N+ dt)2) = v (1 + dt)2) - VER (1)
(8) Advance position:

r(t+dt) = r®(t) + dt V' (¢t + dt)2)
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Apply the position part of RATTLE. The target value for the reaction
coordinate is:

R (1 4 di) = R (1) + dt £ (¢ + d1)2)

New position and velocity:
Rt +dt) = r(t + dt) +d—t2G”(z)
N 2m
WP (t 4 dt)2) =V (14 dt/2) +2d—tGP(t)
m

EC(trdt)2) = VP (1 + dt)2) - VER (1 + di)
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